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Modeling the Buckling of Axially Compressed Elastic
Cylindrical Shells

S. R. Bodner∗ and M. B. Rubin†

Technion—Israel Institute of Technology, 32000 Haifa, Israel

This exercise is intended to provide a direct correlation between the axial compressive buckling of elastic thin-
walled cylinders and the response of a mechanical model that exhibits a peak load at large deformation. The
model is similar, but more general, to those used by Budiansky and Hutchinson and by Kounadis and associates
to illustrate dynamic buckling behavior of imperfection sensitive nonlinear systems. Here, an empirical relation
between observed static shell buckling loads and the shell geometry is used to characterize the restraining spring
parameter of the model. The resulting model indicates realistic imperfection sensitivity of the load-deflection
relation and, as a good physical analogy, provides insight into the shell buckling mechanism. Specifically, from
the perspective of the model, shell buckling is viewed as a local event governed by shallow arch-like behavior
where the extent of the arch depends on the shell geometry. This implies that the specific geometry of local axial
imperfections of the shell (out of straightness) might be more important than that of circumferential imperfections
(out of roundness) for shell buckling under axial loading. Moreover, use of an imperfection slope factor rather than
an imperfection displacement term might be more suitable for actual shells in some cases. In addition, the model
analogy indicates that the buckling (peak) load also depends on the shell geometry and that the bifurcation load
serves only as a reference value. A comparison is made to Koiter’s approximate formula for axially compressed
isotropic shells.

Introduction

D ESPITE the enormous attention that has been given to the prob-
lem of the buckling of thin-walled elastic cylindrical shells

under axial compression, there is still some uncertainty with the
proposed treatments. This is evidenced by the occasional notes and
comments on the subject that still appear in the literature. One of
the reasons is that the main features of geometric imperfections that
influence postbuckling response have not been fully identified. Re-
cent approaches to buckling load calculations include high-fidelity-
analyses that emphasize the need for sophisticated numerical meth-
ods and an international data bank of shell imperfections.1,2

The essential difficulty of the problem is the extensive postbuck-
ling reduction in equilibrium load from the bifurcation condition,
which is thereby an unstable state. This is caused primarily by the
development of tensile membrane stresses caused by stretching in
the buckling mode. For plates that experience similar effects, the
applied compressive load is carried without reduction by the bound-
ary regions near fixed supports. In the case of hydrostatically loaded
cylindrical shells, the additional compressive circumferential stress
negates the tendency for full unloading. Experimental observations
on elastic cylindrical shells under axial compression, as summa-
rized by Singer et al.,3,4 indicate that the onset of buckling is highly
localized over a small region of the structure. Subsequently, the
buckling deformation expands to develop a diamond-shaped pat-
tern that is repeated in neighboring sections that can cover most of
the shell surface. A consequence of the initial localized buckling
is that the remaining intact specimen acts as a soft spring so that
the loading at the initiation of buckling is essentially one of con-
stant force. However, as the buckle pattern develops and spreads,
the load drops at fixed overall displacement. A simplistic view of
the diamond-shaped buckle pattern is that it resembles a buckled
axial strip supported at its middle by a flexible foundation, which
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exhibits snap through caused by shallow arch-like behavior in the
circumferential direction.

The present paper is a further examination of the problem through
an analysis of a modified version of a previously used mechanical
model that exhibits some of the buckling characteristics of the ax-
ially compressed cylindrical shell. The intention is to correlate the
response of the model to loading with observations of the shell buck-
ling process. For the mechanical model with an initial imperfection,
the full nonlinear load-deflection relation is determined from the
onset of loading. Moreover, as observed in the shell response, the
buckling (peak) load of the model is sensitive to imperfections and
can be substantially lower than its bifurcation load. This exercise is
intended to contribute to physical understanding of the shell buck-
ling process, which can be helpful in directing further analytical and
computational investigations.

Background
The problem of postbifurcation reduction of the equilibrium load

for certain classes of elastic shells and loading conditions was ad-
dressed by von Kármán and associates in the early 1940s. They pos-
tulated the existence of a lower bound on the buckling load caused by
the presence of modest initial geometrical imperfections of the shell.
This lower-bound assumption (the minimum of the load-deflection
relation for a perfect shell) was subsequently shown by Friedrichs5

to be not rigorous from the mathematical viewpoint. With subse-
quent studies, it was recognized that the essential problem was the
determination of the peak (buckling) load of an imperfect struc-
ture in the large deformation range. The work of Koiter6 was an
important contribution to the subject.

Hutchinson and Koiter7 discussed the general postbifurcation be-
havior of elastic structures from the perspective of the original work
of Koiter, which emphasized the importance of sensitivity to geo-
metric imperfections for certain conditions. Depending on the type
of structure and the type of loading, the postbifurcation response can
be characterized by an increasing load (such as that experienced by
elastic columns or in-plane compressed elastic plates that are sup-
ported by fixed edges) or by a decreasing load leading to unstable
behavior such as that in an axially compressed circular cylindri-
cal shell. These latter structures and loadings exhibit imperfection
sensitive response because the peak static load Ps , which can be
supported by the structure, is sensitive to geometric imperfections.
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Fig. 1 Sketch of the buckling
model.

Specifically, for axially compressed cylindrical shells Koiter’s work
leads to an approximate formula for the case of axisymmetric buck-
ling with axisymmetric imperfections of the form [Ref. 7, Eq. (7)]

(1 − σs/σc)
2 = [

3
√

3(1 − ν2)
/

2
]
(σs/σc)ψ (1)

In Eq.(1) σc is the classical value of the axial stress at bifurcation
(e.g., Timoshenko and Gere8)

σc/E = κ
/√

3(1 − ν2) (2)

where E is Young’s modulus, ν is Poisson’s ratio, κ is the ratio of
the thickness t to the radius R of the shell,

κ = t/R (3)

σs is the value of axial stress at the peak load, and ψ is the geometric
imperfection amplitude δ divided by the shell thickness. Such an
approximate analytical solution for a continuous system is based
on introducing specific modes that reduce the number of degrees
of freedom. In this sense, it is somewhat similar to introducing a
simple finite degree-of-freedom mechanical model of the physical
phenomena.

In a series of papers, Budiansky and Hutchinson,9 Budiansky,10

and Hutchinson and Budiansky11 analyzed dynamic buckling of
elastic structures following Koiter’s formulation for the case of im-
perfection sensitivity. Figure 1 shows a modified version of a sim-
ple mechanical model introduced in these papers for single-mode
analysis of dynamic buckling. In their model, the bars were taken
to be rigid of length L0, a mass was introduced at the hinge, and
the trigonometric functions in the resulting formulas were approx-
imated up to second order. When the restoring force N in Fig. 1 is
represented by a quadratic softening spring, the peak static load Ps

is given by [Ref. 10, Eq. (24)]

(1 − Ps/Pc)
2 = 4(−a)(Ps/Pc)ψ, Pc = Aσc, Ps = Aσs

(4)

Here, A is the reference cross-sectional area of the shell, the normal-
ized geometric imperfection parameter ξ̄ in Ref. 10, Eq. (24), has
been replaced by ψ , and (−a) is a positive number characterizing
the magnitude of the softening of the quadratic spring. Comparison
of Eq. (1) with Eq. (4) reveals that the simple mechanical model
captures the main features of the peak static load of a geometrically
imperfect axially compressed cylindrical shell. A similar model has
been used more recently by Kounadis et al.12 for further studies on
dynamic buckling.

Koiter’s formula [Eq. (1)] predicts that the ratio σs/σc for a cir-
cular cylindrical shell depends only on Poisson’s ratio and on the
imperfection parameter ψ . For this reason, numerous papers have
been focused on defining and measuring this geometric imperfection
parameter.

With regard to actual buckling loads of axially compressed shells,
von Kármán et al.13 [Eq. (13) and Fig. 14] plotted the peak stress in
quasi-static experiments and concluded that an empirical fit leads
to the form

σs/σc = constant × κ0.4 (5)

More recently, Calladine14 proposed a similar empirical formula for
σs based on additional test results, which, in view of Eq. (2), yield

σs/σc = 5
√

3(1 − ν2) κ
1
2 = 8.3κ

1
2 for ν = 0.3 (6)

For the remainder of this paper, the empirical formula (6) will be
used.

One possible method of reconciling the theoretical result (1) with
the empirical formula (6) is to assume that ψ depends on κ . Specif-
ically, substituting Eq. (6) into Eq. (1) yields

ψ =
[

2

45(1 − ν2)

][
1 − 5

√
3(1 − ν2) κ

1
2
]2

κ
1
2

(7)

but this eliminates the possibility of predicting the sensitivity of the
peak load to different measured geometric imperfections. Hoff15

suggested that ψ in Koiter’s work, Eq. (1), could be expressed as
a function of κ for expertly made, well-made, and ordinary shells,
but this leads to the same difficulty.

Another possibility of reconciling theory with empirical data is
suggested by the formula (4) associated with the single-mode me-
chanical model. Specifically, this formula shows that the ratio Ps/Pc

depends not only on the imperfection parameter ψ , but it also de-
pends on the parameter (−a). Although Hutchinson and Koiter7

[see α in Eq. (2)] mentioned that (−a) depends on properties of
the structure, quantification of this dependence was not pursued. In
the following analysis of the modified model sketched in Fig. 1, it
is shown that the equations lead to an approximate formula of the
form

(1 − Ps/Pc)
2 = 8

3 [1 − Pc/(Eb Ab)](Ps/Pc)(θ0/β) (8)

where Eb is Young’s modulus of each bar, Ab is the cross-sectional
area of each bar, θ0 is an angular measure of geometric imperfection,
and β relates to the spring force N .

The approach of the present paper is to correlate the behavior of
the mechanical model in Fig. 1 with that of actual axially compressed
shells specified by Eq. (6). The consequences of the empirical fitting
are then examined with respect to the model’s predictive capability.

Modified Mechanical Model
A sketch of the model in a deformed state is shown in Fig. 1.

The basic elements are two bars of stress-free length L0, which are
considered here to be elastic in compression and rigid in bending
in order to predict more realistic load-deflection response and to
allow for the possible transfer of energy in compression to energy
in the lateral spring. They are pinned together at one set of ends,
and a spring resists their lateral motion at the hinge point by a
developed force N . A colinear set of forces P acts at the unpinned
ends of the bars, and the end displacements are constrained to the
direction of these forces by reaction forces R. In particular, the
lateral force N is specified as a nonlinear spring element, which
simulates the response of a shallow arch to a central force. This
model is reminiscent of the specimens in the tests by von Kármán
et al.13 of an axially loaded column supported by a lateral circular
hoop at its center, and, as discussed earlier, is a modified form of the
model of Hutchinson and Budiansky.11 In the following, the model
equations are solved exactly without approximating the geometric
nonlinearities.
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With θ being the inclination angle between the bars and the di-
rection of the force P , equilibrium requires

P = Pb cos θ (9a)

R = Pb sin θ (9b)

N = 2Pb sin θ (9c)

where Pb is the axial compressive force in each bar. That force is
related to the bar’s deformed length L by

Pb/(Eb Ab) = (1 − L/L0) (10)

where the length L is related to the coordinates {x, y, θ} in Fig. 1
by

L =
√

x2 + y2 (11a)

x = L sin θ (11b)

y = L cos θ (11c)

Moreover, the unloaded state is specified by the initial value θ0, such
that

x0/L0 = sin(θ0), y0/L0 = cos(θ0) (12)

The lateral restraining spring is taken to be a nonlinear cubic
function of the displacement (x–x0) from the initial state, which
approximately corresponds to the response of a shallow arch to
midpoint loading. On that basis, the spring force is given by

N (η) = (2αβ/9)(η2 − 6η + 9)η (13)

where the amplitude is divided into two terms: α having the dimen-
sion of force, β being non-dimensional, and the numerical terms are
chosen for subsequent convenience. In Eq. (13), η is the normalized
lateral displacement from the unloaded position x0 defined by

η = (x − x0)/(βL0) = (1/β)[(y/L0) tan θ − sin(θ0)] (14)

where use has been made of Eqs. (11) and (12) to rewrite the expres-
sion for η in terms of y and θ . [Note that Eq. (14) also depends on
the quantity β associated with the spring force (13)]. It then follows
that

dN

dx
= 2α

3L0
(1 − η)(3 − η) (15a)

dN

dx
(0) = 2α

L0
(15b)

dN

dx
(1) = 0 (15c)

N (0) = 0 (15d)

N (1) = 8αβ

9
(15e)

N (3) = 0 (15f)

so that the spring force has an initial slope of (2α/L0) and a peak
at η = 1 of magnitude ( 8

9 )αβ. An analysis of the bifurcation condi-
tion for the geometrically perfect model (θ0 = 0) indicates that the
bifurcation load Pc would be ( 1

2 )KL, where K is the initial spring
constant of the restraining spring, so that

Pc = 1

2
K L = 1

2

dN

dx
(0)L = α

L

L0
= α

(
1 − Pc

Eb Ab

)
(16)

where use has been made of Eq. (9a) with θ = 0 and Eq. (10). Thus, α
(the other component of the spring force) is related to the bifurcation
load Pc of the perfect model (θ0 = 0) by the formula

α = Pc/[1 − Pc/(Eb Ab)] (17)

which can serve as a reference value. With α fixed, the force in the
spring is controlled by the term β.

To solve the equilibrium equations for positive θ , it is convenient
to specify a value for η and then solve Eq. (14) for y:

y

L0
=

[
βη + sin(θ0)

tan θ

]
(18)

With the help of Eqs. (10), (11c), and (18), it follows that

L

L0
=

[
βη + sin(θ0)

sin θ

]
(19a)

Pb

Eb Ab
=

{
1 −

[
βη + sin(θ0)

sin θ

]}
(19b)

Next, substituting Eq. (19b) into Eq. (9c) and using Eq. (13) yields
an equation for θ of the form

sin θ = sin(θ0) + βη + (β/9)[α/(Eb Ab)](η
2 − 6η + 9)η (20)

Also, the axial deflection δ of the end of each bar and its nondimen-
sional value � are defined by

� = δ/L0 = (y0 − y)/L0 (21)

It then follows that the main quantities in the model can be summa-
rized in the nondimensional forms

P

Eb Ab
=

{
1 −

[
βη + sin(θ0)

sin θ

]}
cos θ (22a)

N

Eb Ab
= 2

{
1 −

[
βη + sin(θ0)

sin θ

]}
sin θ (22b)

� = cos(θ0) −
[

βη + sin(θ0)

tan θ

]
(22c)

Thus, for specified values of the nondimensional quantities

{Pc/(Eb Ab), β, θ0}
it is possible to solve Eq. (20) for θ for any positive value of η and
then use Eq. (22) to determine the entire force-deflection curve. Of
particular interest is the ratio of the peak load Ps to the bifurcation
load Pc. In these equations, α and Pc/(Eb Ab) characterize the bifur-
cation load, β controls the response of the lateral restraining spring,
and θ0 is the initial geometric imperfection (θ0 > 0). By definition,
the ratio Ps/Pc is unity for the perfect structure (θ0 = 0). For imper-
fect structures (θ0 > 0), it will be seen that this ratio can be much
less than unity because the model exhibits significant load reduction
sensitivity to imperfections.

Correlation of Mechanical Model
with a Cylindrical Shell

The simple mechanical model was developed to illustrate the main
observations in the buckling of axially compressed shells. To carry
the analogy further and to provide insights into physical details and
into proposed analytical formulations of the shell problem, it is use-
ful to correlate the essential parameters of the model with those of
the shell. These model parameters consist of 1) the normalized bi-
furcation load Pc/(Eb Ab) of the geometrically perfect model, which
relates to that of the perfect shell; 2) the term β, which characterizes
the lateral restraining spring in the model and should therefore be
related to a structural parameter of the shell; 3) the term θ0 in the
model, which is analogous to the initial geometric imperfection in
the shell structure; and 4) the ratio of the peak load Ps of the load-
deflection relation to the bifurcation load Pc in the model, which
should be related to that of the shell.

For the case of the respective bifurcation loads, the nondimen-
sional bifurcation stress in the model Pc/(Eb Ab) should correspond
to the classical bifurcation stress (2) for the axially compressed shell.
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It then follows from Eq. (2) that

Pc/(Eb Ab) → σc/E = 0.6κ for ν = 0.3 (23)

Furthermore, the empirical formula (6) for the actual buckling (peak)
stress σs normalized by the bifurcation stress σc suggests the corre-
lation

Ps/Pc → σs/σc = 8.3κ
1
2 for ν = 0.3 (24)

In general, the ratio Ps/Pc of the model is a function of the three
parameters {Pc/(Eb Ab), β, θ0}. Once the correlation (23) has been
made, the model will produce the same bifurcation load as the shell.
Therefore, the model can be further correlated with the shell by
adjusting the two parameters β and θ0 to enforce the condition (24).

Correlation Based on the Spring (Structural) Parameter β

The inference taken here is that β should characterize the shell
structure through dependence on the basic geometry κ of the shell. In
this approach, the initial geometric imperfection θ0 is held constant,
and the parameter β is proposed as a function of κ . In principle,
it is possible for a given θ0 to determine the function β(κ), which
would cause the solution of the model to enforce the correlation
(24) exactly. Specifically, the peak load of the model is a function of
β(κ) and θ0. However, obtaining a closed-form analytical expression
for this function does not seem possible. Instead, an approximate
expression for β is developed in the Appendix, which takes the form

β(κ) = β̂
[

Pc/(Eb Ab), Ps/Pc, θ
∗
0

]
(25)

where θ∗
0 is a value of θ0 specified later.

The analysis in the Appendix shows that for small values of θ0 and
(θ0/β) the approximate equation for Ps/Pc reduces to Eq. (8). The
close correspondence between Eqs. (8) and (1) can be seen more
clearly for the typical case when Pc/(Eb Ab) is negligible relative to
unity [which is equivalent to ignoring the change in the bar’s length
(L–L0) prior to bifurcation], so that Eq. (8) becomes

(1 − Ps/Pc)
2 = 2.67(Ps/Pc)(θ0/β) (26)

whereas for ν = 0.3, Eq. (1) becomes

[1 − σs/σc]2 = 2.48[σs/σc]ψ (27)

The important difference between these equations is that Koiter’s
form (27) suggests that the buckling (peak) load depends only on
a geometric imperfection parameter ψ , whereas Eq. (26) suggests
that it depends on both a geometric imperfection θ0 and a spring
parameter β related to the shell’s structure. Consequently, in the
mechanical model the effect of the lateral restraining spring has an
essential influence on the buckling load through the value of β.

Next setting

Pc/(Eb Ab) = 0.6κ, Ps/Pc = 8.3κ
1
2 (28)

and choosing

θ∗
0 = 1 deg = π/180 (29)

as a representative small value, it is possible to determine β(κ),
which causes the value of Ps/Pc in the model to be close to the
correlation value (24) when the geometric imperfection θ0 equals
the specified value θ∗

0 . Once the functional form for β is specified
(25), it can be used together with the correlation (23) to determine
the nonlinear response of the complete model equations (22) for any
value of the geometric imperfection θ0. Figure 2 shows the values
of this function, and Fig. 3 shows the predictions of the peak load in
the model using this function and different values of the geometric
imperfection θ0. Also, shown in Fig. 3 is that the peak load of the
model for θ0 = θ∗

0 is very close to the empirical values (24), which
justifies the approximations in the Appendix. Moreover, from Fig. 3
it is seen that the variation of Ps/Pc with 1/κ would be very close
to the NASA-recommended design curve [Ref. 16, Eq. (2)] for θ0

set to about 1.5 deg.

Fig. 2 Values of the spring (structural) parameter β(κ) given in
Eqs. (25) and (A9).

Fig. 3 Values of the peak load predicted by the model for different
values of the imperfection angle θ0 and comparison with the empirical
values (6) and the NASA values.

The imperfection parameter θ0 in the model is not necessarily
directly identified with the term ψ commonly used in the analyses
of shells because θ0 could be interpreted in the model as both a slope
imperfection and as a displacement imperfection. The determination
of the appropriate value of ψ for actual shells has been the subject of
extensive investigation. Within the context of the simple model, it is
not possible to separate the effects of a displacement imperfection
from an angular imperfection. However, use of an imperfection slope
factor rather than an imperfection displacement term might be more
suitable for actual shells in some cases.

Additional calculations were performed for the detailed response
characteristics of the model with β = β(κ) given by Eq. (25). The
dependence of the normalized lateral spring force on the normalized
side deflection from the initial state is shown in Fig. 4 for differ-
ent values of κ . It is evident that the force-deflection relations are
similar to those of a shallow arch subjected to midpoint loading
(e.g., Gjelsvik and Bodner17). In particular, it can be observed that
for decreasing values of κ (decreasing values of β) the peak value
of lateral force (the snap through point) and the lateral deflection
at which this peak occurs both decrease. The symbols in Fig. 4
are correlated with the peak buckling loads shown in Fig. 5. These
results indicate that for the thickest shell (Fig. 4a) the buckling load
occurs well below the snap through point of the lateral load for the
small geometric imperfection θ0 = 1 deg, but it occurs near the snap
through point for θ0 = 2 deg. However, as the shell gets thinner the
buckling load is controlled by the snap through point in the lat-
eral spring. This implies that the buckling of the cylindrical shell is
caused by localized buckling caused by shallow arch-like response.

Figure 5 shows the dependence of the normalized applied load
P [Eq. (22a)] on the normalized axial deflection � [Eq. (22c)] for
different values of the geometric imperfection θ0 at the particular
values of κ considered in Fig. 4. Of interest is that the postbifurca-
tion behavior of the geometrically perfect model (θ0 = 0) is similar
to that obtained by large deformation analyses of the axially com-
pressed shell. Also noticeable from Fig. 5 is that the peak loads of
the imperfect model are significantly reduced relative to the bifur-
cation load Ps/Pc = 1. The sensitivity to imperfections is relatively
low for large values of κ (Fig. 5a) and is relatively high for small
values of κ (Fig. 5d). Consequently, from the functional form β(κ)
shown in Fig. 2, it follows from Fig. 5 that the spring (structural)
parameter β(κ) significantly influences imperfection sensitivity of
the model and of the related shell. This is shown directly in Figs. 6a
and 6b, where the reduction of the buckling load parameter Ps/Pc is
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a) κ = 0.01

b) κ = 0.003

c) κ = 0.001

d) κ = 0.0003

Fig. 4 Normalized load in the lateral spring of the model vs the normalized lateral deflection βη for different values of κ. Note the changes in scale.
The symbols are correlated with the peak loads in Fig. 5.

a) κ = 0.01

b) κ = 0.003

c) κ = 0.001

d) κ = 0.0003

Fig. 5 Normalized axial load in the model vs normalized axial deflection ∆ for different values of the imperfection angle θ0 and different values of
κ with variable β(κ).

a) b)

Fig. 6 Dependence of the normalized buckling (peak) load Ps/Pc on the imperfection angle θ0 for different values of κ.
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a) κ = 0.01

b) κ = 0.003

c) κ = 0.001

d) κ = 0.0003

Fig. 7 Normalized axial load in the model vs normalized axial deflection ∆ for different values of the imperfection angle θ0 and different values of
κ with constant β = 1.331.

calculated [with β = β(κ) in Eq. (25)] as a function of the imper-
fection θ0 for different values of κ .

Correlation Based on the Geometrical Parameter θ0

Koiter’s approximate formula (27) for axially compressed
isotropic elastic shells implies that geometric imperfections are the
main influence on the buckling (peak) load. This conjecture can also
be explored within the context of the present model by specifying a
constant value of the spring (structural) parameter β and adjusting
the value θ0 of the geometric imperfection for the model to match
the empirical information (24). Specifically, β is taken to have the
value predicted by the function form (25) for κ = 0.01:

β = 1.331 (30)

Instead of proposing a form for θ0 as a function of κ , the values of θ0

required for values of Ps/Pc associated with the nonlinear model to
enforce the correlation (24) of the shell were determined for only the
four values of κ considered in Figs. 4 and 5. It can be seen from Fig. 7
that the results of these calculations lead to unphysically large values
for the geometric imperfection θ0. This emphasizes the importance
of shell geometry κ = t/R and accurate thickness measurements18

on the buckling of axially loaded imperfect shells.

Conclusions
Given an accurate characterization of the imperfect geometry and

boundary and loading conditions of a specific shell, it should be pos-
sible to predict the buckling (peak) load from a numerical solution
of the complete nonlinear equations as described, for example, by
Arbocz and Starnes.1 However, such a numerical analysis does not
by itself yield physical insight into the buckling process and the
important features of the geometric imperfections.

Although lacking predictive capability, the simple mechanical
model developed here demonstrates features that seem to be consis-
tent with test observations on actual shells and can serve as a guide
for further investigations. These include the following:

1) For correlating the model response with the buckling behavior
of actual shells, it appears that both a representative parameter of
the shell structure and a geometric imperfection parameter are nec-
essary. In particular, it is found that determining the lateral spring
characteristic of the model β in terms of the basic shell geometry
κ(= t/R) [based on Calladine’s empirical formula (6) in the present

exercise] leads to good agreement with details of the shell buckling
behavior. In contrast, Koiter’s approximate equation (1) for buckling
of imperfect axially compressed shells considers only a geometric
imperfection parameter.

2) Once the basic correlations between model and shell are made
[Eqs. (23) and (24)], the model exhibits load deflection behavior
(Fig. 5) and imperfection sensitivity (Fig. 6) similar to that of the
shell. The latter is significantly enhanced for thin shells (small κ) rel-
ative to that for thick shells. These results imply that shell buckling
under axial compressive loading can be viewed as a local event gov-
erned by shallow arch-like behavior where the extent of the arch de-
pends on the shell geometry (κ). They also indicate that the specific
geometry of local axial imperfections of the shell (out of straight-
ness) might be more important than that of circumferential imper-
fections (out of roundness) for shell buckling under axial loading.

3) Attempts to match the empirical data for the buckling (peak)
load by adjusting the value of the geometric imperfection θ0 for
different values of κ , holding the spring (structural) parameter
β constant, lead to unphysically large values of the geometric
imperfection. These results emphasize the importance of the de-
pendence of the spring (structural) parameter β on κ . Moreover,
they suggest that the buckling load of a cylindrical shell should
also depend on a structural parameter in addition to a geometric
imperfection.

4) The geometric imperfection θ0 in the model cannot distinguish
between displacement imperfections and slope imperfections. How-
ever, use of an imperfection slope factor rather than an imperfection
displacement term might be more suitable for actual shells in some
cases, such as the examination of the influence of local dents in the
structure.

5) Except for large values of κ , the buckling (peak) load in the
model occurs when the lateral spring force is close to the snap-
through condition leading to a large deformation equilibrium state.
This is consistent with observations of shells, which indicate that
the mode of local initial buckling differs from that of the snap-
through diamond shaped pattern into which the shell eventually
deforms.

Finally, the results of the simple model considered in this pa-
per suggest that future experiments and numerical calculations of
buckling of cylindrical shells should pay more attention to mechan-
ical aspects of the initial deformation and snap-through phenomena
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occurring in localized buckling of the shell. That is, it might be
useful to consider buckling as a local instability problem with the
boundaries determined as part of the solution. This calls for detailed
examination of the localized imperfections and the deformation
modes from the onset of loading. In this regard, it is tempting
to try to associate the geometry of the model, for example, the
length L0 of the bars, to the dimensions of the diamond-shaped
buckle, but such a relation is speculative. Also, attention needs to be
given to manufacturing variabilities. In particular, the recent work
of Rubin18 on the buckling of shallow arches emphasizes the im-
portance of accurate measurements of the thickness of the shell
because even standard tolerances can lead to thickness variations
that cause significant reduction in peak load. For example, the tol-
erances for 3/16-in. aluminum plate allow a minimum thickness of
t = 4.41 mm relative to the nominal thickness t = 4.76 mm. It then
follows from Eqs. (23) and (24) that this minimum thickness would
lead to a reduction of 11% in the nominal peak stress σs . Some
studies on the influence of thickness imperfections are reported
in Singer, et al.2

Appendix: Expression for the Peak Load
The objective of this Appendix is to develop an approximate

expression for the peak load Ps in the model sketched in Fig. 1. In
addition, an analytical expression for the function β(κ) that causes
the model to approximate the correlation (24) is developed. To this
end, Eq. (20) is substituted into Eq. (22a) to deduce that

P

Eb Ab
=

{
(β/9)[α/(Eb Ab)](η2 − 6η + 9)η

sin(θ0) + βη + (β/9)[α/(Eb Ab)](η2 − 6η + 9)η

}
cos θ

(A1)

Next, this equation is approximated by the form

P

αβ
=

(
1 − 2

3 η
)
η cos(θ0)

sin(θ0) + [1 + α/(Eb Ab)]βη
(A2)

Consequently, the peak load Ps associated with this approximate
form occurs when the slope vanishes:

1

αβ cos(θ0)

dP

dη
(ηs) =

{[
sin(θ0) +

(
1 + α

Eb Ab

)
βηs

]

×
(

1 − 4

3
ηs

)
−

(
1 − 2

3
ηs

)
βηs

(
1 + α

Eb Ab

)}/

{[
sin(θ0) +

(
1 + Pc

Eb Ab

)
βηs

]2}
= 0 (A3)

and η equals the value ηs given by

ηs = [sin(θ0)/β][1 − Pc/(Eb Ab)](−1 + D)

D =
√

1 + 3
2 [β/ sin(θ0)]/[1 − Pc/(Eb Ab)] (A4)

where use has been made of the expression (17). Thus, the peak load
can be approximated by

Ps/Pc = (1 − 1/D)
{

1 − 2
3 [sin(θ0)/β]

× [1 − Pc/(Eb Ab)](D − 1)
}

cos(θ0) (A5)

Next, Eq. (A5) is solved for the auxiliary quantity

γ = sin(θ0)/β (A6)

To this end, Eq. (A5) is multiplied by D, the result is expanded,
and use is made of Eq. (A4) to replace the expression for D2. The

resulting equation can be solved for D and then squared to obtain a
quadratic equation for γ of the form

a2γ
2 + a1γ − a0 = 0 (A7)

where the coefficients are given by

a0 = 3
2 {1 − Ps/[cos(θ0)Pc]}2/[1 − Pc/(Eb Ab)] (A8a)

a1 = 4 − 4{1 − Ps/[cos(θ0)Pc]} − {1 − Ps/[cos(θ0)Pc]}2

(A8b)

a2 = 8
3 {Ps/[cos(θ0)Pc]}[1 − Pc/(Eb Ab)] (A8c)

To make connection with Koiter’s equation (1), Eq. (A7) can be
further approximated for small values of θ0 and (θ0/β) by neglecting
a2 to obtain Eq. (8).

Returning to the general solution, the full equation (A7) can be
solved for β to deduce

β = β̂

(
Pc

Eb Ab
,

Ps

Pc
, θ0

)
= sin(θ0)

γ

γ = −a1 +
√

a2
1 + 4a2a0

2a2
(A9)

Here, the spring (structural) parameter β is specified as a function
of κ by fixing the value of the geometric imperfection θ0 and using
the correlations (23) for Pc/(Eb Ab) and (24) for Ps/Pc, such that
(for ν = 0.3) Eq. (A9) yields Eq. (25).
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